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Abstract 

In this paper we study the quasi-static problem for a viscoelastic fluid by means of the concept of minimal 
state. This implies the use of a different free energy defined in a wider space of data. The existence and 
uniqueness is proved in this new space and the asymptotic decay for the problem with non vanishing supplies 
is obtained for a large class of memory kernels, including those presenting an exponential or polynomial decay. 
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1. Introduction 

When stu dying materials with memor y, the classical approach is based on the histories of the deformation 



gradient. In iDel Piero and Deseril (|1997[ ) it has been shown that different histories may lead to the same 
response of the materia^ and a new concept of state, relying on the minimal information required to deter- 
mine the further behavior of the material, has been introduced for linear viscoelastic models. Furthermore, 
it is well known that several free energies can be defined for materials with memory. The family of the free 
energies is a convex set which has a minimum and a maximum element ipmin, fpmax- It follows that, for any 
free energy ip, the state domain H^, for which ip is finite, is such that H^^^^ C C 

In this paper, making use of the concept of minimal state, we study the quasi-static problem for a 
linear incompressible viscoelastic fluid and prove that it admits a unique solution belonging to 'H,p^-^ if the 
memory kernel satisfies only the restrictions imposed by the Laws of Thermodynamics and the data belong 
to the dual space of •„ , which is the widest space that one can expect. 

As for the long time behavior, many results have been established for the dynamic problem with memory 
kernels exhi biting exponential or polynomial decay, but in general for vanishing supplies. 



Recentlv iMessaoudi ( 2008 ) has proposed a unified approach and proved that, in the evolutive problem 



with vanishing past histories and no external forces, the energy has the same type of temporal decay of the 
memory kernel, which is not necessarily an exponential or polynomial decay. 

Here, we restrict ourselves to the quasi - static approximation of the problem and obtain a temporal decay 



similar to the one obtained by iMessaou H (l2008l ). but in presence of supplies and in a wider space of initial 
past histories. 

This is a first step in order to apply both the concept of minimal state and the unified approach to more 
general problems in viscoelasticity. 

The paper is organized as follows. In Section 2 we recall some properties of linear viscoelastic fluids and 
introduce the concept of minimal state. In Section 3 we consider the quasi-static problem and establish its 
well posedness, while in Section 4 we present our results on the asymptotic behavior. 
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2. Basic assumptions for linear viscoelastic fluids 

In this work we consider a viscoelastic fluid defined by means of the constitutive equation for the Cauchy 
stress tensor 

T(x,0 = -p(x,OI + Tb(E*(x)), 

where p represents the pressure, I denotes the unit second order tensor and the extra stress T^; is a f unction 
of the relative strain history E*(x, s) = E(x, t — s) — E(x, i) at any fixed point of the material (jjoseph 
( 19901 )1. These fluids are described by the classical Boltzmann-Volterra constitutive equation between the 
current value of the extra stress Te{x, t) and the relative strain history E* (x, s) 



TE{t) = 2 /i'(x,s)E*(x,s)ds. 
Jq 

Here /i' is a constitutive function, called memory kernel, such that the shear relaxation function 

p + CO 



(2.1) 



belongs to L°°{Vl)). As proved in lFabrizio and Lazzaril (jl993^ . the thermodynamic principles provide, 

almost everywhere in f], the following restriction on its Fourier cosine transform: 



/ic(x, uj) > \fuj e 



(2.2) 



For these materials the physical state at time t is identified through the mass density p and the relative 
strain history E* (x, •) at the time t. 

In the following, we consider incompressible fluids, for which we have V • v = 0, where v denotes the 
velocity; therefore, the state is defined only by means of the relative strain history. 

By introducing the vector space of the admissible relative strain histories 



e: : n X 



P++ 



Sym\ 



P + OO P 

/ / M'(x,e + T)E*(x,Orfxde 
JO Jn 



< +0O , Vr > L 



it is possible to give the following equivalence relation (see Deseri et al.l ( 20061 )) 



Definition 2.1. Let x E il. Two relative strain histories E*^. (x, •), (j = 1,2) are said to be equivalent if 
and only if 



r+oo 

/ /i' (x, C + r) [E* ^ (x, - E* ^ (x, 0] = , 
Jo 



Vt > 0. 



Let us introduce 



r(x,T) 



2/ /i'(x,C + r)E^'*(C)dC. 
Jo 



(2.3) 



As a consequence of Definition 12.11 I* characterizes the equivalence class in the space of the admissible 
relative strain histories and hence we will call it the minimal state. 



3. Application to the quasi-static problem 

In this section we study the quasi-static problem for incompressible linear viscoelastic fluids using the 
minimal state I*. In fact, thanks to (j2.ip and (j2.3l) . the extra stress can be written in the following manner 



t) 



T£;(x,t) = -l*(x,0) = 2 [ ^(x,s)E*(x,s)ds-I°(x, 

Jo 



where I*^ is related to the initial past history and therefore is a known function. 
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Let 57 be a bounded domain in R'^ with smooth boundary dft. The hnear approximation of the quasi- 
static boundary value problem with Dirichlet conditions is 



= -Vp(x,t) + V- / Ai(x,s)Vv*(x,s)ds- V-i°(x,i)+f(x,t) 

^0 



(3.1) 



V-v(x,i)=0, v(x,0|aji = 0. (3.2) 
In order to give a precise formulation of problem (13. ip - (13. 2p we introduce the space 

J(0) = {veC^{n); V-v = 0} 

o o 

and denote by L^(57) and i?o(57) the closure of J (ft) in the and norms respectively. Moreover we 
consider the spaces 

hoo /'+00 / 



H^(R+,r!)= veLL(K+;i/i(f7)); / / / ^^(x, | r - r' |)Vv(x, r) • Vv(x, rOrixdrdr' < +oo L 
L Jo Jo Jn J 

(3.3) 

S^{R+,n) = i^l" e Ll^iM.+ ;L\n)); J J j /i(x, ] r - r' 1)1" (x, r) • i"(x, r')dxdrdr' < +ooj , (3.4) 



where /i is defined by 



+ 00 

A*(x,|t-t' |)M(x,|r' Ddr'^Sir). 



Remark 3.1. If the kernel /i G L°°{il, L^{M.'^)) satisfies the thermodynamic condition (j2.2p almost every- 
where in r2, then a nd <$^, are Hi l bert s paces. In fact it is possible to define the spaces and 5^ in the 



frequency domain (see Deseri et al.l ( 20061) ) by observing that 



/ / / /i(x, I T - r' |)Vv(x,t) • Vv(x,r')dxdTdT' = - / / ^^(x, cj)| Vvf(x, w)|^dxdw , (3.5) 
Jo Jo Jn J -ooJrt 

/ / / /2(x, I T-r' |)F(x,r) ^"(x.TOdxdrdr' = - / ^|I^(x, w)|2dxdw , (3.6) 

Jo Jo Jn 71- /ic(x,tj) 

where the index p denotes the Fourier transform. 

We finally recall that th e left -hand side of (|3.5I) is the expression of the minimal free energy introduced 



Breuer and OnatI (|l964al) and lBreuer and Onati (|l964bl ). 



Definition 3.1. A function v 6 'H^(R'^, il) is said to be a weak solution in the sense of the Virtual Power 
Principle of the problem I^^Q - ([23) if 

2 / / ^(x,t - s)Vv(x, s)ds • Vw(x,i)dxdt 

Jo Jn Jo 

= / I"(x,t) • Vw(x,t)dxdt - / / {{x,t) ■w{x,t)dxdt (3.7) 

Jo Jn Jo Jn 

for any w e 7^^(R+,17). 

Remark 3.2. Given a vector f , let V x a and \74> be its solenoidal and irrotational components, respectively, 
in the Helmholtz decomposition, i.e. f = V x a + Vcf). Since w G H^(R+, J7), the last integral in p.7p can 
be rewritten as 

/ / f (x, t) ■ w(x, t)dxdt = / V X a(x, t) ■ w(x, t)dxdt. 

Jo Jn Jo Jn 



Moreover, introducing the skew tensor A, defined through the relation Aw = a x w, we have V • A = V x a 
so that 

/ / {{x,t) ■w{y:,t)dxdt = - / A{x,t) ■ Vw{y:,t)dy:dt. 

Jo Jn Jo Jn 

By virtue of the previous remark, relation (I3.7P becomes 

/ / / ^i{x,t- s)Vv{x,s)ds ■\7vf{x,t)dxdt ^ / / 3°{x,t) ■ Vw{x,t)dxdt, (3.8) 
Jo Jn Jo Jo Jn 

where J" = l" - A. 

Theorem 3.1. Problem (13. ip - (j3.2p with J*^ e iS^(K+, fl) admits a unique solution, according to Definition 
13.11 if fJ, G L^(M+, and (|2.2p holds almost everywhere in ft. 



Proof. Let us consider the Fourier transform of system p.ip - (13. 2p 

V • [^F(x,a;)VvF(x, w)] - V [pi^(x, w) - (f)F{x,uj)] = V • J5;.(x,a;) 
V • Vi?(x, w) = 0, Vi?(x, w) |an= 

and introduce the bilinear form 



bu:{-VF,WF) ^ / ^j.c{^,uj)\/vf{x,uj)[\7wf{x,uj)]* dx 
Jn 



for any fixed w G R, where the index * denotes the complex conjugate. The hypotheses on the kernel fj, 

o 

ensure that b^^ is bounded and coercive in iJQ(57) since 

fcl(w)||VvF(w)f < &^(VF,VJ.) < fc2(w)||VVF(w)f , 

where fci(a;) and ^2(0;) are the essential infimum and the essential supremum of /ic(x, w) on 51 respectively. 
Therefore, thanks to the Lax-Milgram theorem, system (j3.9l) admits, for any fixed w £ H, one and only 

o o 

one solution belonging to HQ{il) if the supply V • J^{-,uj) belongs to the dual space of HQ{il). 
Moreover, if we rewrite (13. 8L by virtue Plancherel's theorem, as follows 

/ + OO /• P + OO !• 

/ iip(x,uj)\7-vp(x,u}) ■ [\7-wp(x,uj)]* dxduj = / / J^(x, • [Vwi?(x, w)]* dxdw (3.10) 
-00 J n J —00 J n 

and choose wj? =wp in p.lOp . we obtain 

/ Hc{x,uj) I Vvi?(x,w) p dxdw = / / .'^ ' : • v'Mc(x, w) [Vvi?(x, w)]* dxdw 

-00 Jn J-00 Jn \/LLrix,Uj) 



< 



/ — r- I 3^p{x,Lu) p dxduj / / ^,c{x,uj) I Vvi?(x, w) p dxdoj 

-00 Jn Mc(x,a;) _ 



1/2 



/n Mc(x,a;) 

Hence, thanks to and dSH), v G H^(R+, rj) if j" G 5^(M+, 17) because 

/ /ic(x,w) I Vvi.(x,w) p dxdw < / / — I J^(x,cj) p dxdw. (3.11) 

00 Jo J-00 Jf2A'c(x, w) 

Since J° = 1° — A, where V • A is the solenoidal part of the external force f , we conclude that the virtual 
power solution of problem p.ip - (13.21) belongs to ■Hp(M+;il) if the initial datum I*^ G 5^(M+;il) and the 

o 

solenoidal component f<; of f belongs to the space L'j^^{E.'^ ; H' {Q)) where H'{yi) is the dual of Hliyi) and 
there exists a skew tensor A G 5p(M+, il) such that = V • A. □ 
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4. Asymptotic behavior 



Equation p.ip . in absence of external forces, can be rewritten in terms of the minimal state (|2.3|) as 
follows 

V-I*(x,0) + Vp(x,i) = 0. (4.1) 

It is therefore necessary to assign the law governing the evolution in time of I* which, taking into account 
definition l|2.3p . is given by 



^i*(x, r) = |-I*(x, r) - 2Ai(x, r)Vv(x, t) , lO(x, r) = Io(x, r), 



(4.2) 



where Iq (x, t) is a known function on 57 x M+ . 

Theorem 13 . II ensures that problem (|4.ip . (|4.2I) and (13. 2p admits a unique solution, according to Definition 
4.1, whenever the initial datum Iq belongs to 5^(M+, fl). In this section we will study the connection between 
the asymptotic behavior of this solution and that of the memory kernel /x. To this aim we restrict ourselves 
to memory kernels satisfying almost everywhere in n the following restrictions 



/Lt'(x,t)<0, n"{x,t)>0, fi"{x,t)) > ~£_{t)fi'{x,t)) , t>Q 



(4.3) 



where ^ is a positive, non-increasing differential function.^ 

Examples of such kernels can be found for example in Messaoudil (|20Q8f ): in particular, a kernel presents 
an exponential or polynomial decay when ^ is a constant function or ^(t) = c(l +t)~^, respectively. 

Let us now consider problem (|4.ip . (|4.2p and p. 21) with initial datum Iq belonging to the subspac^ of 
Sf,{R+,n) defined by 



and introduce the energy functional 

*(t) = *(I*) = 
If I* G J'^(R+,fi) this functional satisfies 

±m ^ - 1 r (..o,.vv,M)..-i 12 ^ 

moreover, fixed Tq > 0, there exists > 1 such that 







Jo A2 -M'(x, 


r) 


.00 . ^ 


d 


I*(x,r) 


Jo ynM'(x,r) 







dxrfr < 00 



dxdT+ — 



dxdr. 



1 



(4.4) 



(4.5) 



4A2M'(x,0) 



dx ; 
(4.6) 



/7 ' 




Jo Jn m'(x,t) 





dxdr Vt > Tq. 



(4.7) 



Let I* be a solution of (|i?T|) . and ([5^ with initial datum Iq G J>(M+, il). As a consequence of (|i?T|) . 



, and we obtain 

d_ \ r ( e(T) 



1 

dxdr < - 



C(r) 



4 Jo ./n M'(x,t) 



dxdr < 0. 



(4.8) 



^We recall that, as proved in'Fabri zio and Golded l l2002t ), "H u(R"*", H) i s the apace where the minimal free energy is defined, 
while J"^(R+, Q) is the domain of the free energy introduced in lFabrizid ||2004|) . Therefore J"p(R+, H) C H^.(IR+, H). 
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Finally, if < > the properties of ^ and the inequality (|4.7I) yield 



1 



Jo 



/Li'(x,r) 



_9_ 



I*(x,r] 



m 

4aTo ^ ^ M'(x,r) 



I*(x,r) 



dbadr 



"To 



and the integration of (|4.9p gives 



< ^'(To)exp 



1 /•* 

"To Jto 



< ^'(lo) exp 



— / 



(4.9) 
(4.10) 



We conclude this section by stating the following theorem 



Theorem 4.1. Let v be a virtual work solution of problem l\3.1^ — l\3.2\i with a vanishing external source 
and I" G 77i(M+,r2). If ^ satisfies then, for Tq > 0, there exist two positive constants and Ptq 

such that 



*(0 < /3To*(0)exp 



1 



"To Jo 



^{s)ds 



t > T( 



0- 



(4.11) 



Corollary 4.1. Under the hypotheses of Theorem 14. 11 the energy functional <\4-5]j exponentially (polinomi- 
ally) decays if the memory kernel ji exponentially (polinomially) decays in time. 

Proof. It is easy to show that if ^ is constant in time, then (14. 3p assures the exponential decay of ^, while 
(|4.11l) yields the exponential decay of the energy. 

On the other hand, if ^{t) = c(l + t)-^ , then -/^'(i) = 0((1 + t^) and from (|I1T|) we obtain 

*(0 < /3to«'(0)(1 + t)-^/"^o , i > To. 



□ 
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